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Abstract
Feedback is the core concept in cybernetics and its effective use has made great success in but not
limited to the fields of engineering, biology, and computer science. When feedback is used to quantum
systems, two major types of feedback control protocols including coherent feedback control (CFC)
and measurement-based feedback control (MFC) have been developed. In this paper, we compare the
two types of quantum feedback control protocols by focusing on the real-time information used in
the feedback loop and the capability in dealing with parameter uncertainty. An equivalent relationship
is established between quantum CFC and non-selective quantum MFC in the form of operator-sum
representation. Using several examples of quantum feedback control, we show that quantum MFC can
theoretically achieve better performance than quantum CFC in stabilizing a quantum state and dealing
with Hamiltonian parameter uncertainty. The results enrich understanding of the relative advantages
between quantum MFC and quantum CFC, and can provide useful information in choosing suitable
feedback protocols for quantum systems.
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I. INTRODUCTION
As pointed out by Norbert Wiener, feedback widely exists in machines and animals, and it
actually exists in all purposeful behaviors [1]. Feedback is the core concept in cybernetics, and
its effective use has made great success in but not limited to the fields of engineering, biology,
and computer science. The essence of feedback lies in its capability in dealing with various
kinds of uncertainties (e.g., uncertainties in initial conditions, parameter uncertainties, external
disturbances, or all) [2], [3], [4], [5]. Most robust control results were developed in the form
of feedback control [6]. Some fundamental results have also been presented in concerning the
maximum capability of feedback in dealing with uncertainties of classical (non-quantum) systems
[2], [3], [4], [5].
With the rapid development of emerging quantum technology, feedback control has been
employed to design control laws for manipulating quantum systems in recent years [7], [8],
[9], [10], [11], [12], [13]. The early development in quantum feedback control focused on
measurement-based feedback control (MFC) schemes where measurement outcomes are used for
the design of feedback controllers [14], [15], [16], [17], [18], [19], [20]. One significant difference
in feedback for classical and quantum systems is that the measurement can play different roles
in the control process. For a classical system, the backaction effect of a measurement on the
system can be neglected in principle. That is, the measurement does not change the system
state itself. However, when we make a measurement on a quantum system, the measurement
outcome is stochastic and the measurement process usually changes the system state itself (i.e.,
quantum state collapse) [21]. The backaction effect of quantum measurement cannot be ignored
for quantum systems. Therefore, we have to deal with the additional but inherent measurement-
induced uncertainty in quantum measurement-based feedback control [22]. Moreover, the fast
time scale in quantum systems and time delay in the feedback loop make it difficult to implement
quantum MFC for practical quantum systems.
Considering the difficulty of quantum MFC, another quantum feedback control strategy, i.e.,
quantum coherent feedback control, has been developed [23], [24], [25], [26], [27], [28], [29],
[30], [31], [32]. In coherent feedback control (CFC), no explicit measurement is involved and the
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3controlled system is coupled to another quantum system (controller) in such a way that a quantum
information flow occurs between the two systems. Quantum CFC has been widely investigated
for quantum optical systems [23], [25], [26], [27], [31], and shows significant advantages over
quantum MFC in practical implementation due to the fact that the feedback controller has similar
time scale to the system plant.
In order to better understand and perform quantum feedback control, a natural question is to
compare the relative merits between these two types of quantum feedback control protocols. In
[13], a comparison was presented and the authors showed the advantages of quantum CFC over
measurement-based feedback control by analyzing specific performance that the two types of
feedback control can achieve. However, the definition of quantum MFC in [13] was restricted.
In this paper, the aim is to compare quantum MFC with quantum CFC by focusing on the
real-time (estimated) state information used in the feedback loop and the capability in dealing
with Hamiltonian parameter uncertainty. In quantum MFC [33], [34], [35], [36], [37], [38], [39],
[40], [41], we repeatedly measure the system and apply control operations based on available
information including measurement information as well as prior information. The use of the
available real-time information makes it possible to achieve better performance than quantum
CFC in dealing with uncertainties.
The paper is organized as follows. In Section II, we compare the advantage of feedback control
over open-loop control by an example. The aim is to emphasize the fact that the essence of
feedback lies in its capability in dealing with uncertainties. In Section III, we present a quantum
CFC protocol and a quantum MFC protocol in the form of operator-sum representation. We
demonstrate that in principle, there always exists an equivalent non-selective quantum MFC
protocol for each quantum CFC protocol in the sense of operator-sum representation. Section
IV presents a specific quantum control problem to show that quantum MFC using real-time
information can achieve better performance than non-selective quantum MFC. The aim is to
show that quantum MFC may have advantages over quantum CFC if the real-time information
is used to design a feedback control law. Using an example, we further show quantum MFC can
achieve better performance than quantum CFC in dealing with Hamiltonian parameter uncertainty
in Section V. Concluding remarks are given in Section VI.
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4II. ADVANTAGES OF FEEDBACK CONTROL OVER OPEN-LOOP CONTROL
In order to control a system, two typical classes of control strategies including open-loop
control and feedback control can be implemented. In an open-loop control strategy, all we can
use for designing a control law is the prior information of the system. Generally, an open-loop
control strategy is simpler and easier to be implemented than the relevant feedback control
strategy. For a classical (non-quantum) control system, if all information is perfect (i.e., there
is no uncertainty or imperfection with the system to be controlled), then there always exists
a corresponding equivalent open-loop control protocol for each feedback control protocol. In
principle, a given feedback control law that is designed based on the system state or the output
of the system may be considered as a functional depending only upon the time t and the initial
condition. That is, there always exists an implicit equivalent open-loop control law for a given
feedback control law. Hence, if all information is perfect, it may be not necessary to employ a
feedback control strategy to control the system under consideration.
However, the existence of uncertainties or imprecision (e.g., external disturbance, noise in
control signals) is unavoidable when our concern is the effect of the control on practical systems.
The difference between a practical system and its built model can also be regarded as uncertainties
or imperfection. In general, the open-loop control strategy is only valid for an ideal system model.
When dealing with uncertainties or imperfection in a control system, the advantage of feedback
control over open-loop control can be well shown. The advantage and essence of feedback has
been widely investigated for classical control systems (see, e.g., [2], [3], [4], [5]). Here, we
demonstrate this fact with a simple example.
Example 1. Consider the linear system
x˙ = x+u, x(0) = x0,
where x and u denote the system state and the control input, respectively. The aim is to stabilize
the system state to x = 0 asymptotically.
The control objective can be achieved by employing the following feedback control law
u =−2x(t).
If all information is perfect (e.g., the initial state information x(0)= x0 is accurate), then the open-
loop control law u = −2e−tx0 is equivalent to the feedback control law u = −2x(t). However,
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5once there is an error in the initial state x(0) (e.g., the measured initial state x¯0 6= x0), feedback
control can make significant difference from open-loop control. We may verify that when the
open-loop control law u =−2e−t x¯0 is applied, the state x(t) will evolve as
e−t x¯0 + et(x0− x¯0).
Hence, the system state will exponentially diverge once x¯0 6= x0. In contrast, the system state
will exponentially converge to 0 with the feedback control law u =−2x(t).
The above example shows the advantage of feedback control over open-loop control in dealing
with uncertainties. Actually, the advantage has been well understood for classical control systems.
For example, most robust control results have been developed in the form of feedback control
[6]. The capability of feedback mechanism in dealing with uncertainties has been extensively
investigated [2], [3], [4], [5]. Although feedback control has also been applied to manipulate some
specific quantum systems, it is essentially different from feedback control of classical systems due
to the unique characteristics of quantum systems (e.g., the measurement backaction and fast time
scale). Two types of quantum feedback control including measurement-based feedback control
(MFC) and coherent feedback control (CFC) have been developed for manipulating quantum
systems. In this paper, we will compare quantum MFC and quantum CFC by focusing on the
capability in dealing with uncertainties in quantum systems. It is worth pointing out that even
there is no uncertainty or imperfection in a quantum system, a quantum MFC strategy is also
not equivalent to its relevant open-loop control strategy [22]. This is due to the fact that quantum
measurement will induce the quantum state collapse and can be regarded as a control means
itself. In the following, we will first present quantum CFC and quantum MFC in the form of
operator-sum representation and then consider two classes of uncertainties in quantum systems:
uncertainties in the initial state and in Hamiltonian parameters.
III. QUANTUM CFC AND QUANTUM MFC
In this section, we establish an equivalent relationship between quantum CFC and non-selective
quantum MFC in the form of operator-sum representation following a brief introduction to
quantum systems.
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6A. Quantum systems
Associated to a quantum system is a complex vector space with inner product (i.e., a Hilbert
space) known as the state space of the system. The state of the quantum system (e.g., a spin
system, or a photon) can be described by a density operator ρ in its underlying Hilbert space.
The density operator ρ is a positive operator with trace one (i.e., Tr(ρ)= 1). If a density operator
satisfies Tr(ρ2) < 1, we call the quantum state ρ a mixed state. Otherwise, we call it a pure
state. For a pure state (i.e., Tr(ρ2) = 1), if we denote the eigenvector of ρ with eigenvalue being
1 as |ϕ〉, the state ρ can be denoted in terms of the state vector |ϕ〉 as
ρ = |ϕ〉(|ϕ〉)† , |ϕ〉〈ϕ|.
Here † denotes the Hermitian adjoint. Generally, the state of an open quantum system needs to
be described as a mixed state.
The evolution of a closed quantum system is described by a unitary transformation. For
example, the state ρ0 of a quantum system at time t0 is related to the state ρ1 of the system at
time t1 by a unitary operator U satisfying
ρ1 =Uρ0U†
where U depends on the Hamiltonian of the quantum system, the time t0 and the time t1. When
a quantum system couples with its external environment or measurement apparatus, the system
becomes an open system and its state evolution is not unitary. For the open quantum system, its
evolution can be described by an operator-sum representation in discrete form (see, e.g., [21])
or an appropriate (stochastic) master equation in continuous time (see, e.g., [9]).
For a composite quantum system, its state space is the tensor product of the state spaces of
its component quantum systems. If we have systems numbered 1 through n , and the system j
( j = 1, . . . ,n) is prepared in the state ρ j, then the joint state of the total system ρ is
ρ = ρ1⊗ρ2⊗·· ·⊗ρn
where ⊗ denotes the tensor product [21].
B. Quantum CFC
In quantum CFC, we couple the controlled system (the system plant) to an auxiliary quantum
system (the quantum controller), so that the dynamics of the whole system including the system
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7plant and the controller is unitary. Without loss of generality, suppose that the dimension of the
whole system consisting of the plant and the controller is finite. Assume that the initial state ρ0
of the whole system is separable and is denoted as
ρ0 = ρS0 ⊗|ψ〉aa〈ψ|,
where ρS0 and |ψ〉aa〈ψ| represent the initial states of the plant and the controller, respectively.
The whole system evolves unitarily for a period of time to ρ1 with
ρ1 =U(ρS0 ⊗|ψ〉aa〈ψ|)U†,
where the operator U is unitary depending upon the total Hamiltonian of the plant and the
controller.
Note that it is the controlled system that we are interested in. In order to obtain the state of
the controlled system, the state of the auxiliary system should be traced over from the state of
the whole system. According to quantum mechanics, the operation of tracing over the state of
the auxiliary system is equivalent to a trace preserving operation on the controlled system [21].
To be specific, suppose that a set of basis of the Hilbert space of the auxiliary system (with
the dimension d) is {|i〉a}di=1. We define system operators Ei as Ei = a〈i|U |ψ〉a for i = 1, · · · , d.
We can verify that
d
∑
i=1
E†i Ei = IS.
After one step of quantum CFC, the system state ρS1 can be derived by taking the partial trace
(Tra) over ρ1 as follows1:
ρS1 = Tra(ρ1) =
d
∑
i=1
EiρS0 E†i .
A quantum CFC protocol can involve repeated use of the above process while different
auxiliary systems may be used in different steps. Therefore, for a given quantum CFC protocol,
there exist generalized operators {Ek,i : i = 1, · · · , dk} satisfying
dk∑
i=1
E†k,iEk,i = IS
1For detailed calculation of partial trace, see, e.g., [21]
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8for all step k, such that
ρSk+1 =
dk∑
i=1
Ek,iρSk E†k,i, (1)
where ρSk denotes the state of the controlled system at the k-th step in the quantum CFC protocol,
and dk is the dimension of the auxiliary system at the k-th step.
C. Quantum MFC
In quantum MFC, we first assume that an MFC protocol consists of a sequence of discrete
steps. In each step, we perform a given measurement operation, and then apply a unitary
operation to the system conditioned on the available information from the measurement. In
quantum mechanics, a measurement will induce quantum state collapse for a quantum system
[21]. Hence, quantum measurement itself could be regarded as a control means, which is quite
different from the relevant situation in classical systems. In the following, we will see that a
quantum MFC protocol could be equivalent to an adaptive measurement protocol.
In order to compare quantum MFC with the quantum CFC protocol in (1), we first specify the
quantum MFC protocol in the form of discrete steps. In quantum mechanics, quantum measure-
ment can be described using a set of generalized measurement operators {Mn : n = 1, · · · , N},
where
N
∑
n=1
M†nMn = I.
At step k, we denote the quantum system state before the measurement as ρk. When we implement
a measurement, the result n occurs with probability pnk = Tr(M†nMnρk) and the post-measurement
state is
ρnk =
MnρkM†n
pnk
. (2)
Now a unitary operator U(ρnk ) that depends on ρnk is applied to the system. The system state
evolves to
ρnk+1 =U(ρnk )ρnkU†(ρnk ) =
U(ρnk )MnρkM†nU†(ρnk )
pnk
. (3)
Here the superscript n of ρnk+1 depicts the jump direction of the quantum state from step k
to k + 1. To fully monitor a jump trajectory of the quantum state, we need to record all the
measurement outcomes in order.
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each step, the non-selective evolution [9] of the quantum system can be obtained by averaging
over all possible state trajectories as
ρk+1 = ∑
n
U(ρnk )MnρkM†nU†(ρnk ).
Denoting Mk,n =U(ρnk )Mn, it is clear that
N
∑
n=1
M†k,nMk,n = I.
Hence, {Mk,n : n = 1, · · · , N} can be considered as a new set of measurement operators
depending upon the state at step k. Therefore, the quantum MFC protocol can be equivalently
regarded as an adaptive measurement protocol.
If we only consider the non-selective evolution of the quantum system, a quantum MFC
protocol can be specified as designing adaptive measurement operators {Mk,n : n = 1, · · · , N}
at step k such that
ρk+1 =
N
∑
n=1
Mk,nρkM†k,n. (4)
Comparing Eq. (4) with Eq. (1), we have the following observation.
Observation 1: For a given quantum CFC protocol in (1), one can always find an equivalent
non-selective quantum MFC protocol in (4) provided that the involved generalized measurements
can be realized.
In [13], a comparison between quantum CFC and quantum MFC has been provided where the
authors concluded that quantum CFC beats all quantum MFC for the quantum control problems
under their consideration. However, the form of quantum MFC in [13] was restricted. Specifically,
the feedback control operations rely upon the measurement outcome rather than the (estimated)
quantum state. Therefore, there are only a limited number of control operations applied on the
controlled system. This limits the capability of quantum MFC accordingly. There is an essential
difference between state feedback and output feedback for the performance that they can achieve.
An example is presented in Appendix A to illustrate the difference between the two types of
feedback. The example also inspires us that the (estimated) state information should be utilized
in quantum MFC since it may achieve better performance than that using measurement output
information directly. Therefore, we should reconsider the relative merits between quantum MFC
and quantum CFC when the state information can be utilized in quantum MFC.
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It is worth stressing that there is no explicit measurement being involved in quantum CFC.
This has been widely considered as the remarkable advantage of quantum CFC over quantum
MFC. This is because quantum measurement will in general induce quantum state collapse in
a nondeterministic way. Therefore, one has to deal with the additional but inherent uncertainty
during the control process in quantum MFC besides the original uncertainty in the system.
However, we will demonstrate in the following section that the measurement induced state
collapse may play a positive role in feedback control process so that quantum MFC can achieve
better performance than quantum CFC in dealing with uncertainties in the initial state.
IV. REAL-TIME INFORMATION IN QUANTUM MFC
In this section, we compare the control performance that can be achieved in a specific quantum
system by the non-selective quantum MFC and the quantum MFC using real-time information.
A. Real-time Information
When we make a quantum measurement on a quantum system, the measurement outcome is
generally stochastic and the measurement induces quantum state collapse accordingly. There-
fore, for a monitored quantum system, different measurement records induce different quantum
trajectories, which describe the evolutions of the monitored quantum system. However, if we
do not utilize the real-time state information that depicts different trajectories of the quantum
system, a non-selective quantum MFC protocol in Eq. (4) can be obtained. In the non-selective
quantum MFC, only the averaged information of the quantum state at the current step is utilized
in the following step.
In order to achieve better control performance, a natural idea is to utilize the real-time infor-
mation of the quantum state trajectory to design a corresponding feedback control law. Here, our
focus is on investigating possible advantage of utilizing real-time information in quantum MFC.
The investigation can be proceeded by comparing the different control performance that can be
achieved by regulating the non-selective evolution of the quantum system or designing a control
law using real-time information. When we design a control law using real-time information for a
quantum system, a stochastic master equation (SME) model can be used to describe the evolution
of the system dynamics.
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The SME model is the continuous-time counterpart of the quantum MFC model shown in Eq.
(2) and Eq. (3) in the sense that it depicts the evolution of a continuously monitored quantum
system. The correspondence will be explained explicitly in Subsection IV.B. The stochastic
measurement backaction effect is described by a diffusion term in the SME. By the SME, we
can obtain the real-time (estimated) information of the quantum state. Actually, it is in essence
a filtering equation, i.e., an evolution equation of the state estimate of the quantum system
driven by the continuous measurement output [42], [43], [44]. If we average the diffusion term
in the SME , we can obtain a continuous-time master equation model that corresponds to the
non-selective quantum MFC model in Eq. (4).
The SME model and the continuous-time master equation describing non-selective evolution
have been widely used to investigate open quantum systems (see e.g., [8], [9]). The relations be-
tween these two models under control have been discussed in [36] by focusing on the unravelling
problem. In this paper, we focus on investigating the advantage of using real-time information of
the quantum system state in quantum MFC aiming to demonstrate possible different performance
that quantum CFC and quantum MFC can achieve.
B. Control Model for Quantum MFC
We now sketch the model to be used for quantum MFC (see, e.g., [34] for more details).
Consider an atomic ensemble consisting of N atoms which are placed into a single mode optical
cavity. We consider the (x,y,z)-configuration space and assume that the atomic transitions are
far detuned from the cavity resonance so that the atomic Hamiltonian can be described by
HA = h¯∆Fz + h¯u(t)Fy,
where ∆ is the atomic detuning, Fz, Fy are the spin-N/2 collective dipole moments of the
ensemble, and u(t) is the strength of a magnetic field in the y-direction and serves as the control
input. To detect the state of the atomic ensemble, a probe laser is injected into the cavity (along
z-direction) by a beamsplitter and the optical field is configured to good approximation so that it
only interacts with the collective angular momentum degrees of the atoms. After interacting with
the atomic ensemble, the outgoing optical field is detected by a Homodyne detection. Based on
the flow of measurement output, we can estimate the state of the atomic ensemble.
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The SME describing the conditional evolution of the atomic state ρc(t) driven by the mea-
surement output is [34]
dρc(t) =−iu(t)[Fy ,ρc(t)]dt− is[Fz,ρc(t)]dt
+MD [Fz]ρc(t)dt+
√
MηH [Fz]ρc(t)dWt, (5)
where s is related to the experimental parameters such as ∆ and so on, M is the measurement
rate, η is the detection efficiency, and
D [Λ]ρ = ΛρΛ†− 1
2
(Λ†Λρ +ρΛ†Λ),
H [Λ]ρ = Λρ +ρΛ†−Tr(Λρ +ρΛ†)ρ .
The innovation process Wt is a Wiener process satisfying
√ηdWt = dyt −2
√
Mη Tr (Fzρc(t)) dt, (6)
where yt is the flow of measurement output.
It is worth pointing out that the whole measurement backaction effect, i.e., the deterministic
drift part MD [Fz]ρc(t)dt as well as the diffusion part
√
MηH [Fz]ρc(t)dWt , is fully included in
the SME model. The diffusion part in Eq. (5) can play an important role when utilizing the
real-time information for feedback control.
Now we demonstrate that the SME in Eq. (5) can correspond to the discrete model in Eq. (2)
and in Eq. (3) since Eq. (5) can be obtained starting from a form as Eq. (2). Actually, in the
discrete-time model (2), we assume that there are only finite number of measurement outcomes
for each step. However, the measurement operator may have a continuous spectrum. As in
the above model, it is the field quadrature being continuously measured under the Homodyne
detection. The infinitesimal measurement output dyt has a Gaussian distribution with mean
2
√
Mη〈Fz〉dt and variance ηdt, where
〈·〉= Tr(·ρc(t)).
Hence, dyt can be expressed as
dyt = 2
√
Mη〈Fz〉dt +
√ηdWt .
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According to quantum mechanics, when the measurement outcome dyt occurs, the conditional
quantum state evolves as
ρc(t +dt) =
Ω(dyt)ρc(t)Ω†(dyt)
Tr[Ω(dyt)ρc(t)Ω†(dyt)]
,
where the (unnormalized) measurement operator
Ω(dyt) = I− i[u(t)Fy+ sFz]dt− M2 F
2
z dt +dyt
√
MFz.
Moreover, we have
ρc(t +dt) =
Ω(dyt)ρc(t)Ω†(dyt)
Tr[Ω(dyt)ρc(t)Ω†(dyt)]
=
ρc(t)− i[u(t)Fy+ sFz,ρc(t)]dt+D [
√
MFz]ρc(t)dt
1+2
√
M〈Fz〉dyt
+
√
M[Fzρc(t)+ρc(t)Fz]dyt
1+2
√
M〈Fz〉dyt
= {ρc(t)− i[u(t)Fy+ sFz,ρc(t)]dt+D [
√
MFz]ρc(t)dt
+
√
M[Fzρc(t)+ρc(t)Fz]dyt}{1−2
√
M〈Fz〉dyt +4η〈Fz〉2dt}
= ρc(t)− i[u(t)Fy+ sFz,ρc(t)]dt+D [
√
MFz]ρc(t)dt
+H [
√
MFz]ρc(t)[dyt −2
√
Mη〈Fz〉dt]
= ρc(t)− i[u(t)Fy+ sFz,ρc(t)]dt+MD [Fz]ρc(t)dt+
√
MηH [Fz]ρc(t)dWt.
Hence, the SME (5) is obtained.
Now we turn to the continuous-time non-selective model for quantum MFC. The situation can
correspond to the case where either we cannot obtain the measurement output or our concern
is only the average evolution of the quantum state. The model can be derived by averaging the
conditional evolution of ρc(t) and it can be described as
dρt
dt =−i[sFz +u(t)Fy,ρt ]+MD [Fz]ρt . (7)
Note that in contrast to the SME model (5), only the drift part MD [Fz]ρtdt of the measurement
backaction effect is retained in (7). The model can be regarded as a continuous-time counterpart
of Eq. (4).
C. Performance Comparison
Suppose that the initial state of the system is ρ0 = ∑ni=1 piρi, where the state ρi has the
corresponding probability pi, ∑ni=1 pi = 1, n≥ 2. Note that if the initial state is mixed, its entropy
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is not zero. In this sense, we say that there is some uncertainty in the initial state. The control
objective is to prepare an arbitrarily desired eigenstate of Fz with a high level of fidelity from
an arbitrary initial state. We have the following result.
Proposition 2: Using the non-selective quantum MFC in (7), one cannot prepare an arbi-
trarily desired eigenstate of Fz from a mixed initial state no matter how to design the control
law ut . The state can be globally stabilized to a desired eigenstate of Fz if the quantum MFC
using real-time information in (5) is employed.
Proof. When we employ the non-selective quantum MFC in (7) for feedback control, let us first
consider the dynamics of Tr(ρ2t ). From (7), we have
dTr(ρ2t )
dt = 2Tr[−i(sFz+utFy)ρ
2
t + iρ2t (sFz+utFy)+MFzρtFzρt −
M
2
(F2z ρ2t +ρ2t F2z )]
= 2MTr[FzρtFzρt −F2z ρ2t ]
≤ 2MTr[Fzρ2t Fz−F2z ρ2t ]
= 0.
Hence, dTr(ρ
2
t )
dt ≤ 0, which implies that for all t ≥ 0,
Tr(ρ2t )≤ Tr(ρ20 ).
Note that Tr(ρ2)= 1 if and only if ρ is a pure state. Therefore, we conclude that the desired target
state cannot be prepared from a mixed initial state ρ0. Hence, we cannot prepare an arbitrarily
desired eigenstate of Fz from a mixed initial state no matter how to design the feedback control
law u(·).
When the real-time estimated state information ρc(t) may be utilized for quantum feedback
control, we can resort to Theorem 4.2 of Ref. [20], which has been restated as follows for
completeness.
Theorem 3: [20] For the SME model (5), denote an arbitrary desired eigenstate of Fz as
ρd . Consider the following control law:
1. If Tr(ρc(t)ρd)≥ γ , ut =−Tr(i[Fy,ρc(t)]ρd);
2. If Tr(ρc(t)ρd)≤ γ/2, ut = 1;
3. If ρc(t) ∈ B , {ρ : γ/2 < Tr(ρρd) < γ}, then ut = −Tr(i[Fy,ρc(t)]ρd) if ρc(t) last
entered into B through the boundary Tr(ρρd) = γ; ut = 1 otherwise.
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Then there exists γ > 0 such that ut globally stabilizes (5) around ρd and Eρc(t)→ ρd as t →∞.
Theorem 3 proposed an explicit control law which can globally stabilize (5) around an arbitrary
desired eigenstate ρd of Fz. That is, we can approximately prepare the target state from an
arbitrary initial state with probability 1. 
Proposition 2 provides an example that the quantum MFC using real-time information can
achieve better performance than the non-selective quantum MFC for some practical tasks. In
the SME model (5), the whole measurement backaction effect (i.e., the drift part MD [Fz]ρc(t)dt
as well as the diffusion part
√
MηH [Fz]ρc(t)dWt) is fully included and the feedback control
law is based on the real-time state information updated by the measurement output flow. In the
non-selective quantum MFC in (7), only the averaged state information can be utilized. The
different effects can be explicitly illustrated by considering the simplest case, i.e., N = 1.
Example 2. Denote |0〉=

1
0

 and |1〉 =

0
1

 as the two eigenvectors of Fz. Under this
vector representation, we have
Fz =
1
2
(|1〉〈1|− |0〉〈0|) =−1
2

1 0
0 −1

 ,
Fy =
1
2
(i|0〉〈1|− i|1〉〈0|) =−1
2

0 −i
i 0

 .
For the two-level system, we can use Bloch vector r = (x,y,z) to represent the quantum state ρ
as ρ = 12

1+ z x− iy
x+ iy 1− z


. A brief introduction to Bloch representation is presented in Appendix
B. With the Bloch representation, the SME (5) can be converted into
dxc(t) =−M2 xc(t)dt−utzc(t)dt+ syc(t)dt+
√
Mηxc(t)zc(t)dWt
dyc(t) =−M2 yc(t)dt− sxc(t)dt+
√
Mηyc(t)zc(t)dWt
dzc(t) = utxc(t)dt−
√
Mη(1− z2c(t))dWt.
(8)
The non-selective quantum MFC model in (7) becomes
dxt
dt =−
M
2
xt −utzt + syt
dyt
dt =−
M
2
yt − sxt
dzt
dt = utxt .
(9)
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It is easy to see that (x,y,z) = (0,0,0) is an equilibrium point of (9). Thus, once ρ = I2 during
the control process, it will be stuck at this point no matter what control law is performed. Hence,
we cannot prepare the target state (corresponding to z = 1 or -1) from an arbitrary initial state
by using the non-selective quantum MFC model (9). In contrast, the diffusion term depicting the
stochastic measurement backaction effect in the SME model (8) can avoid the occurrence of this
kind of pitfalls. Thus, we can utilize the real-time state information to design a corresponding
feedback control law to regulate the state trajectory to achieve the target state.
The difference behind the SME model (8) and the non-selective quantum MFC model in (9)
can also be demonstrated by considering the evolution of ρ˜(t) = Eρc(t). From (8), we have
dx˜(t)
dt =−
M
2
x˜(t)−Eut z˜c(t)+ sy˜(t)
dy˜(t)
dt =−
M
2
y˜(t)− sx˜(t)
dz˜(t)
dt = Eut x˜c(t).
(10)
Note that Eut z˜c(t) 6= z˜(t)Eut and Eut x˜c(t) 6= x˜(t)Eut in general since ut may be a function of xc, yc
and zc. In the non-selective quantum MFC model in (9), for each infinitesimal step, the real-time
state information is first averaged and then the averaged information is used for feedback control.
However, in (10), we utilize the state trajectory information for feedback control and then an
ensemble average is made. The essential difference results in different control performance that
they can be achieved.
Example 2 shows that it is the real-time state information as well as the stochastic measurement
backaction effect that helps the feedback control law achieve the control objective for the quantum
MFC using the SME model (5). The advantage of using the real-time state information in
quantum feedback control can be explicitly demonstrated for the specific practical task.
Recall that the quantum CFC protocol (1) also uses the averaged state information for feedback
control and it can be equivalently regarded as a non-selective quantum MFC protocol. Therefore,
quantum MFC using real-time state information can achieve better performance than quantum
CFC theoretically.
V. HAMILTONIAN PARAMETER UNCERTAINTY IN QUANTUM FEEDBACK CONTROL
When we focused on quantum MFC using real-time information in Section IV, we assumed
no uncertainty in the system Hamiltonian. For a practical quantum system, the existence of
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uncertainties in the system Hamiltonian is unavoidable (e.g., due to imprecise model and control
error) [45], [46]. As we mentioned in Section II the advantage of feedback can be taken when
we utilize real-time information to deal with various uncertainties. In this section, we compare
the different performance that quantum MFC and quantum CFC can achieve in dealing with the
Hamiltonian parameter uncertainty by an example of quantum state preparation.
The objective is to prepare a specified pure state from an arbitrary initial state for a quantum
system. Suppose that the dimension of the state space of the quantum system is d. For a
specified pure state |ψ〉, without loss of generality, one can always find a set of orthonormal
basis {|0〉, · · · , |d−1〉} such that the target state |ψ〉= |d−1〉.
The task can be easily fulfilled provided that the set of generalized measurement operators
{Ei = |d−1〉〈i| : i = 0, · · · , d−1}
can be realized. Actually, we can verify that
d−1
∑
i=0
E†i Ei = I,
and for an arbitrary initial state ρ ,
d−1
∑
i=0
EiρE†i = |d−1〉〈d−1|= |ψ〉〈ψ|.
To compare the different performance that quantum MFC and quantum CFC can achieve when
dealing with Hamiltonian parameter uncertainty, we present the following example with d = 2
and |ψ〉= |1〉.
Example 3. The total Hamiltonian of the plant and its auxiliary system is
H = iθ(a†b−ab†), 2 (11)
where b and a denote the annihilation operators on the plant and auxiliary system, respectively,
and θ depicts the coupling between the plant and auxiliary system. With this Hamiltonian, the
total unitary evolution is
Ut = exp[(a†b−ab†)θ t]. (12)
2We have set h¯ = 1.
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It can be verified that
Ut|0〉b|0〉a = |0〉b|0〉a (13)
Ut|1〉b|0〉a = cos(θ t)|1〉b|0〉a− sin(θ t)|0〉b|1〉a
Ut|0〉b|1〉a = sin(θ t)|1〉b|0〉a+ cos(θ t)|0〉b|1〉a
Ut|1〉b|1〉a = cos(2θ t)|1〉b|1〉a+
√
2
2
sin(2θ t)(|2〉b|0〉a−|0〉b|2〉a).
Assume that the objective is to prepare |1〉b from an arbitrary initial state. When the Hamil-
tonian parameter θ is known accurately, if we set the state of the auxiliary system being |1〉a,
and t = pi2θ , then
E0 = a〈0|U pi2θ |1〉a = |1〉bb〈0|, E1 = a〈1|U pi2θ |1〉a|= |1〉bb〈1|.
From Eq. (1) and Eq. (4), we can conclude that if there is no uncertainty with the total
Hamiltonian, we can achieve the control target either using quantum CFC or quantum MFC.
Now we suppose that the parameter θ in the total Hamiltonian of the plant and the auxiliary
system is unknown or our knowledge of θ is not accurate. Once there is parameter uncertainty
in the total Hamiltonian, it will generally result in parameter uncertainty in the generalized
measurement operators {Et,i} in Eq. (1) accordingly when the quantum CFC protocol (1) is
used. In the quantum CFC protocol, there is no explicit measurement during the whole control
process. Hence, one cannot reduce this kind of parameter uncertainty and cannot achieve the
control target in general. Specifically, once θ is unknown in Example 3, one has no ways to
identify it. Therefore, one cannot identify the time duration for quantum CFC to fulfill the control
task.
When we employ the quantum MFC protocol, for every copy of the system, we can couple an
auxiliary system initialized in |1〉a, and let the total system evolve for a period of short time. After
that we can perform a projective measurement on the auxiliary system and choose the subsequent
operations based on the real-time measurement outcome. In particular, no matter what the initial
state of the system is in Example 3, we can first perform a projective measurement on the
system. The post-measurement state is either |1〉b or |0〉b. If it is |1〉b, the task is accomplished.
While if it is |0〉b, we can couple the plant and the auxiliary system initialized in |1〉a for a short
time duration t followed by a projective measurement on the auxiliary system. From (13), the
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total system will be in |0〉b|1〉a (|1〉b|0〉a) with probability cos2(θ t) (sin2(θ t)). If the auxiliary
state is |0〉a, the system state has been prepared in |1〉b. If the auxiliary state is |1〉a, we can
repeat the above process, i.e., coupling the plant and the auxiliary system in |1〉a for a short
time duration t followed by a projective measurement on the auxiliary system. After n times of
repetitions, the probability of the system state still being |0〉b is cos2n(θ t), which approaches
to zero exponentially with n. Thus, we can utilize the real-time information about the quantum
state of the system to achieve the control target using quantum MFC although θ is unkown.
If our knowledge of θ is not accurate, i.e., ¯θ 6= θ , the quantum MFC protocol can still be
applied. Moreover, if decoherence occurs with the system (e.g., the system state |1〉b decays to
|0〉b), we can identify whether the decoherence happens, and correct it if necessary using the
above quantum MFC protocol.
In addition to the above quantum MFC protocol, there is another method to achieve the
objective in the presence of Hamiltonian parameter uncertainty. We can first estimate the unknown
parameter and then design the control law based on the obtained estimate. How to precisely
estimate unknown parameters is an extremely important objective in quantum information and
quantum metrology [47], [48], [49], [50], [51], [52]. Recent results have demonstrated that
adaptive quantum measurement can greatly improve the estimation accuracy [47], [48], [49],
[51], [52]. The estimate process involving adaptive quantum measurement can be regarded as
a specific quantum MFC. With an accurate estimate, we can design a feedback control law
to prepare the target state with a high level of fidelity. Hence, quantum MFC can be superior
to quantum CFC in dealing with Hamiltonian parameter uncertainty when manipulating some
specific quantum systems.
VI. CONCLUDING REMARKS
In this paper, we compare quantum coherent feedback control (CFC) and quantum measurement-
based feedback control (MFC) by several examples. Based on an equivalent relationship between
quantum CFC and non-selective quantum MFC in the form of operator-sum representation,
we show that quantum MFC can achieve better performance than quantum CFC in stabilizing
a quantum state and dealing with Hamiltonian parameter uncertainty. The use of real-time
information for feedback control design in quantum MFC is a key factor that shows the advantage
of quantum MFC over quantum CFC.
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In the analysis, we assume that all of the generalized measurements necessary for quantum
MFC should be able to be realized and no time delay exists in the feedback loop. For a practical
quantum system, these assumptions may not be guaranteed. For example, time delay is one of
the major difficulties in implementing quantum MFC on a quantum system since it always takes
time to acquire real-time information and to update the conditional state for feedback control
design. Although the effect of time delay may be reduced for some specific tasks [39], the effect
of its existence will degrade the performance that ideal quantum MFC can achieve in general. In
contrast, it may not be necessary to worry about the time delay in the feedback loop for quantum
CFC since the controlled system and the controller have similar time scales and no measurements
are required in the feedback design. Quantum CFC can show significant advantages over quantum
MFC in some aspects such as practical implementation and high speed. The results in this paper
show that quantum MFC can theoretically achieve better performance than quantum CFC in
dealing with uncertainties in the initial state and Hamiltonian. With the development of real-
time quantum MFC experiments (see e.g., [10], [11]), the results may provide useful information
in choosing suitable feedback protocols for manipulating quantum systems. The work may also
enrich understanding of the relative advantages between quantum CFC and quantum MFC, and
promote the investigation on the capability of feedback in dealing with uncertainties for quantum
systems.
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APPENDICES
Appendix A: Output feedback vs state feedback
We demonstrate the difference between output feedback control and state feedback control by
the following example.
Example 4. Consider the linear system
x˙ = Ax+Bu, y =Cx,
where x is the system state, u is the control input, y is the measurement output, and
A =

 0 1
−1 0

 , B =

 0
1

 , C = ( 1 0 ) .
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It is easy to verify that the linear system is controllable and observable [53]. Assume that the
objective is to stabilize the system state to x = 0 asymptotically.
If we use the state information for feedback, i.e., the control law is in the form of u = Kx,
the control objective can be achieved with K =
(
−1 −3
)
. However, if the control law is
in the form of u = Ly, i.e., the measurement output information y is used, one can prove that
the control objective cannot be achieved no matter how to design L, even though the system is
controllable.
One may argue that we only have access to the measurement output of the system so that we
cannot use the state feedback control protocol unless the system state can be observed. Note that
the linear system is controllable and observable. We can construct a state observer (state estimate)
z(t) based on the measurement output information, and utilize the estimated state information
z(t) for feedback control.
In the example, we can construct z(t) as
z˙ = (A−GC)z+Gy+Bu,
where G =

 3
1

, and u = Kz. The whole system consisting of the plant and the state observer
evolves as 
 x˙
z˙

=

 A BK
GC A−GC+BK



 x
z

 .
Since all the eigenvalues of

 A BK
GC A−GC+BK

=


0 1 0 0
−1 0 −1 −3
3 0 −3 1
1 0 −3 −3


are real and negative, the control objective can be achieved.
Appendix B: Bloch representation
For a two-level quantum system, the state ρ can be represented in terms of the Bloch vector
r = (x,y,z). If we denote the Pauli matrices σ = (σx,σy,σz) as follows:
σx =

0 1
1 0

 , σy =

0 −i
i 0

 , σz =

1 0
0 −1

 , (14)
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the Bloch vector r = (x,y,z) can be calculated as x = Tr(ρσx), y = Tr(ρσy) and z = Tr(ρσz).
The density matrix ρ can be represented using the Bloch vector as
ρ = 1
2
(I + r ·σ). (15)
Each point on the unit Bloch sphere (i.e., x2 + y2 + z2 = 1) corresponds to a pure state of the
two-level quantum system and each point in the interior of the sphere corresponds to a mixed
state.
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